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UNSTEADY MOTION OF A FLUID NEAR A DISK ROTATING IN A MAGNETIC 
FIELD 
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The effect of a magnetic field on the velocity distribution in a fluid 
close to an unsteadily rotating disk is investigated. 

Rozin [1] inves t iga ted  the uns teady  l a m i n a r  bound-  
a ry  l aye r  n e a r  a ro ta t ing  unbounded disk for p a r t i c u l a r  
laws of v a r i a t i o n  of the c i r c u l a r  veloci ty :  c0(t) = coo tn 
and co(t) = %egt .  

FolIowing Rozin '  s method,  we will  ca lcu la te  the u n -  
s teady mot ion  of an i n c o m p r e s s i b l e ,  e l e c t r i c a l l y  c o n -  
ducting,  v i scous  f luid n e a r  a s i m i l a r  unbounded disk  
in the p r e s e n c e  of a cons tan t  t r a n s v e r s e  magnet ic  
field. For  the r ad i a l  veloci ty  of the ex te rna l  potent ia l  
flow we choose the law u 0 = ar(et2t) m,  and the s p a c e -  
t i m e  r e l a t i onsh ip  for  the c i r c u l a r  ve loc i ty  of the d isk  
has  the fo rm v 0 = ~2r(eflt) n. The ca Icu la t ions  show that 
the magne t ic  f ield has  an app rec i ab l e  effect on the v e l -  
ocity prof i le  in  the boundary  l aye r .  

The p r o b l e m  of s teady mot ion  was solved in [2] by 
the K a r m a n - P o h l h a n s e n  i n t eg ra l  method.  

On the a s s u m p t i o n  that 

u o = ar(ea~) " and v o = ~ r ( e a t )  n, (2) 

the in i t ia I  and boundary  condi t ions  of sys t em (1) wil l  
be 

u = v = w = 0  f o r t _ 0 a n d f o r  a n y z ,  

u = w = O ,  v = v o = f ~ r ( e a t )  n for  z = 0  / a n d  
for $ 

U = U o = a r ( e a t )  m, v = 0  f o r z . _ . . o j a n y z .  (3) 

The p r e s s u r e  d i s t r ibu t ion  when z - -  ~ wil l  be de -  
t e r m i n e d  f rom the condi t ion 

'1 Op 0% , 0% + r B 2 
- -  U O ~  p Or = ~ - T u ~  ,o 

= ar (eat)m[f~m + a(eat) m .+.a_~___Bg] . (4) 

EQUATIONS OF MOTION 

Let a disk of inf in i te  r ad ius ,  p r ev ious ly  at r e s t ,  
beg in  to rota te  in i ts  own plane (z = 0) a round the axis  
r = 0 with va r i ab l e  angu la r  veloci ty .  We a s s u m e  that  
the fluid is i n c o m p r e s s i b l e ,  v i scous ,  and e l e c t r i c a l l y  
conduct ing and occupies  the r eg ion  z > 0. The applied 
magnet ic  f ield is  d i rec ted  p e r p e n d i c u l a r  to the plane 
of the disk and is  un i fo rm and cons tant .  The magne t ic  
P r and t l  n u m b e r  is  a s s u m e d  to be so sma l l  that  e l e c -  
t r i c  c u r r e n t s  in the f luid have no effect  on the applied 
magne t i c  field. 

In cy l ind r i ca l  coord ina tes  the Navie r -S tokes  e qua -  
t ions  for uns teady mot ion in the p r e s e n c e  of a m a g -  
net ic  f ield have the fo rm [3]: 

Ou Ou v ~ Ou 1 Op 
. . . .  u + w - -  = ~- 

Ot Or r Oz p Or 

[ cT'u 0 

+ ,~ - - N ~  + 7 7  u, 

Ov av uv Ov _ 
at + U - - o r - +  + w r Oz 

= v ~: + o z ~  l - -  - -  v ,  

O2u 1 a B2~ 

Ow -4:-u Ow Ow 1 
0-7- ~ 7  + w Oz p Oz 

[ a2w ! Ow a2w " + ,  [ - g f  + - -  - -  + _ _  
r Or Oz ~ 

O u + u+__Ow =0.  
Or r Oz 

P 

Op + 

(1) 

We introduce the following dimensionless quantities: 

u = O r U ( Z ,  T), v = f l r V ( Z ,  T),  

w = I%~.W (Z, T), p = - -  @ ar ~ e mr x 

x f l m + a e  mT + ~ - - - j  + p v f 2 P ( Z ,  T), 

r =  z=V z, t=(1/a)r, 

k = a/~, ~ -~ a B~/pFL (5) 

Subst i tu t ing (5) in Eq. 

OU W au  + U~ __ V ~ " 
OT : OZ 

= k e " r l m  + ~ + kemr]+ O'aU 
OZ 2 

3V OV "OW __ ~ V, 
o--{ + + 2 u v  = -oz  

OW OW OP O~W 
- -  + W + 

OY OZ OZ OZ ~ ' 

OW 
2U + -  = 0 ,  

OZ 

with boundary conditions 

U ~ W ~ O ,  V ~ e  nr 

U = ke mr, V = O  

(1), we obtain the sys tem 

- -  - - k U ,  

for  Z = O, 

for  Z-~ ~ .  

(6) 

(7) 

METHOD OF SOLUTION 

To integrate system (6) with boundary conditions 
(7) we seek solutions of the form [1,4]: 
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u = e ~ Ifo(~) + :'t (n) :r + ... l, 

V = : r  [go 01) + g~ 01) emr + "" "1, 

W = --  4 e mr [s 01) + [~ 01) e"~r + " "  1, 

P = 2 e mr [h 0 ( I I )+h 1 (~1) e mr + " '"  l, (8) 

w h e r e  ~) = Z / 2 .  F u n c t i o n s  f i ( v ) ,  f i ' (V) ,  and gi(v) satisfy 
t he  b o u n d a r y  c o n d i t i o n s  

:o (n) = :'o (~) = :, ('1) = t~ (~) = 0 I 
f o r  / O, 

go(rl) = 1, g~(q) = 0 

:'o(~) = ~, : ; (n)  = o  
I f o r  ~ 1 ~ ,  (9) 

go (~) = g~ (n) = 0 J 

w h e r e  i = 1, 2, 3, . . . .  
F r o m  (6) and  (8) we ob t a in  the  s y s t e m  of e q u a t i o n s  

Im}'o + ~ i  em~ + " " "1 + e ~ If;~-- ~f~; + ' "  ' 1 -  

--e(~--m)r[g~ + 2gogle mT + . . . ]  -- k ( m  + k) + 

+ k2emr+ 1 fro,, + f ; , , e ,~r+ . . . ]  _ ~ {f; + : ; e ~ + . . .  l, 

[ngo + (m + n) g : ~ +  . . - l +  2 e ~ f f ~ g o - - L g ' o + " "  1 = 

= 1  [ g 0 + g ~  e ~ r + ' ' ' t - x [ g o + g ~ : r + ' ' ' l '  
4 

[mfo + 2mf~ e "~r + . . .  ] - -  2 e mr []:do + ' " l  = 

= I [ h ; + f ; + ( h ~  + / ) e m r +  ...]. (10) 
4 

S y s t e m  (10) can  be  s o l v e d  if  2n - m is  d i v i s i b l e  by  

m ,  

SOLUTION F O R  CASE n : m 

S u b s t i t u t i n g  n = m in  Eq.  (10) and  e q u a t i n g  the  c o e f -  
f i e i e n t s  of equa l  p o w e r s  of e m T ,  we o b t a i n  the  f o l l o w -  
ing  s y s t e m  of e q u a t i o n s  fo r  the  f i r s t  two  a p p r o x i m a -  

t i o n s  : 

t o " - - 4  (m + ~,)f; = - - 4 k ( m  + k), 

go - -  4 (m + k) go = O, 

h'o = - - f o  + 4 mfo (11) 

and  

f]" - -  4 (2m + ;k) f~ = -- 4k ~ + 4 q~z _ 2tdo  - gg),  

g~ - 4 (2~ + ~)g~ = 8 (t'o go - :ogo), 

h; = - - f ~  + 8 (mf~--:d'o) (12) 

wi th  b o u n d a r y  c o n d i t i o n s  

1o (n) = :; (n) = :, (n) = :; 

g,, (n) = l,  e l  (n) = 0 

f; (n) = k, :'~ (,q) = 

go(~) g , ( n ) = o  

The solutions of Eqs. (ii) 

(*1 )=0}  f o r  ~1=0,  

0 I f o r  11 ~ ~ .  

and  (12) a r e  

(13) 

: ;  (n) = k [1 - -  e -2~v'"+x l, 

and  

k _ - - 1 ]  ' krl, 

go (q) =e-2n ~++~, 

ho(n)__ho(O)= ! k~ [ e _ 2 ~ , , ~ _ l ] +  
ira + ~ L  

+ 2k~l ~1 ~ , 
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(14) 

m ~ + k  2(9m ~ + 2 0 m ~ +  12k2) 
['~ (n) = m ~ (2 m + 3 k) x 

x e_2n 2v~T~f 1 + k 2 e_4,; m ~  -}- 
2 m + 3 X  

4 k 2 , _ ~ e-2rl 
+ - ~ - ( m n  V m + ~ . - - m - - ~ . )  

m 2 + k  2 (9m 2 + 2 0 m x + t 2 k  s) x 
/:~ (n) - 2m ~(2m + 3 k ) ] / 2 m  + 

X e - 2 r ' ~  + 1 + k -~ _ _  e_r -I- 
4 (2  rod-  3k) V - m +  x 

+ ~ _  k ~ (  m + 2 ~  ~ / - ~ + ~  2 m n )  e-2~ ~r + 

+ {[2m ~-I- 2 U ( 9 m  2 + 20rex  + 12k2)] l / m +  k - -  

_ [m 2 + k ~ (9 m 2 + 28 m k + 24 k~)] ~ }  X 

• [ 4 m2(2 m + 3  k) l f (m + k) (2 m + ;~)]-~, 

gl (n) = 4 - !  [(m + ~ - ~ n  ~ )  e - ~ ' ~  - 
m 

-- (m -[- ~k) e - 2 n ~ ]  �9 (15) 

In the  a b s e n c e  of the  m a g n e t i c  f i e l d  (X = 0) and  fo r  
m = 1 and k = 0 we o b t a i n  R o z i n ' s  r e s u l t  [1] f r o m  r e -  
l a t i o n s h i p s  (14) and (15). 

The  v e l o c i t y  p r o f i l e s  a r e  shown in F i g s .  1 and 2. 
Wi th  i n c r e a s e  in the  m a g n e t i c  f i e l d  the  r a d i a l  v e l o c i t y  
i n c r e a s e s ,  w h e r e a s  the  c i r c u l a r  v e l o c i t y  d e c r e a s e s .  
T h i s  r e s u l t  a g r e e s  wi th  the  da t a  of [2] f o r  the  c a s e  of 
s t e a d y  m o t i o n  of a f lu id  n e a r  a r o t a t i n g  d i s k  in  the  
p r e s e n c e  of a t r a n s v e r s e  c o n s t a n t  m a g n e t i c  f i e ld .  

SOLUTION FOR CASE m = 2n 

S u b s t i t u t i n g  m = 2n in Eq. (10) and  e q u a t i n g  the  c o -  
e f f i c i e n t s  of e q u a l  p o w e r s  of e roT, we ob ta in  the  f o l l o w -  
ing s y s t e m  of e q u a t i o n s  f o r  the  f i r s t  a p p r o x i m a t i o n :  

f 0 " - - 4 ( 2 n  + )q}0 = - -  4 k ( 2 n  + k ) - - 4 g ~ ,  

g o - -  4 (2 n + ~) go = o, 

h; = -f; + 8 n&. (16) 

I t s  s o l u t i o n  f o r  k = 0 w i l l  be :  

f~ 2n+3~1 [e--2,,~ 2n+-~ e-4n~vTTf ! ,  

1 [ i e -  .1 v n+~ 
f,, (n) - 2 (2 n + 3 ;~) 2 I / - h ~ - ~  

l e_2n ~' 2n ~ _~_ X 
] / ~ n  -'- k 2 (2n  + 3 k )  

(17) 



430 INZHE NERNO- FIZICHESKII ZHURNAL 

~5 

F 
o o.5 ~ ~.5 q 

Fig. 1. Dis t r ibu t ion  of r ad ia l  ve loc i ty  for  k = 1: 1) ~, = 0; 
2) X = 1/2;  3) 2t = 1. 

~0 
! 

0.5 

2 

o 0.5 t ~5 

Fig.  2. D i s t r ibu t ion  of c i r c u l a r  veloci ty  for k = 1: 
1) 2 , = 0 ;  2) X = 1 / 2 ;  3 ) • = 1 .  
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[ 1 l ] 
• V ~ r ; +  x 21/W-+--~ ' 

go(q) =e-2~'~  

ho(~)--ho(O) 
1 [ n + 3 k  

' 2 n + 3 k  ~_ 2 ( n + k )  
e - 4  q V"A~'~ _ _  

~" e -2'i~2n+'--~ + 4 n( 1 
2 n + Z ,  \ V-2~ + ~. 

(17) 
l ) 1 - n (cont 'd)  

2 ~  ~l 2 (2 n+~)  (n+~) 

F o r  ~ = 0 and fo r  n = 1 f o r m u l a s  (17) a r e  i den t i ca l  
with the  r e l a t i o n s h i p s  ob ta ined  by  Rozin  [1]. 

NOTATION 

r, O, and z are the coordinates in the radial, circular, 
and axial directions; t is the time; u, v, and w are the ra- 
dial, .circular, and axial velocity components; u0 is the 
radial velocity of external potential flux; v 0 is the cir- 
cular velocity of thedisk; w(t) is the angular velocity of 
the disk; p is the pressure; p is the density; v is the kine- 
matic viscosity; B0 is the characteristic of the ap- 

p l i ed  m a g n e t i c  f i e ld ;  ~ is  the  e l e c t r i c a l  conduc t iv i ty  of 
f luid;  R and Z a r e  d i m e n s i o n l e s s  c o o r d i n a t e s  in the 
r a d i a l  and ax ia l  d i r e c t i o n s ;  77 = Z/2  is  a d i m e n s i o n l e s s  
coo rd ina t e ;  T i s  d i m e n s i o n l e s s  t ime;  U, V, and W a r e  the 
r a d i a l ,  c i r c u l a r ,  and ax ia l  componen t s  of d i m e n s i o n -  
l e s s  v e l o c i t y ;  P i s  d i m e n s i o n l e s s  p r e s s u r e ;  a, ~ ,  and 
COo a r e  cons t an t s  with d i m e n s i o n a l i t y  t - i ;  m,  n, and 
a r e  p o s i t i v e  n u m b e r s ;  k = a/~3 is  a cons tan t ;  ~ = 
= aB~ /p~  is the  p a r a m e t e r  c h a r a c t e r i z i n g  the m a g n e t i c  

f i e ld .  
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